A short proof of interlacing inequalities on normalized Laplacians is given.
The normalized Laplacian of G is defined as L(G) = T LT , where T is the diagonal matrix diag (t 1 , . . . , t n ) such that t j = 1/ d j if d j = 0 and t j = 1 otherwise. Normalized Laplacians have many interesting properties and are very useful in studying graphs; see [2] and its references. In this note, we give a short proof of the following interesting result obtained in [1] recently.
Theorem Suppose H is a connected graph obtained from the graph G by removing an edge. Let L(G) and L(H) have eigenvalues λ 1 ≥ · · · ≥ λ n and µ 1 ≥ · · · ≥ µ n , respectively. Set λ 0 = 2 and λ n+1 = 0. Then λ j−1 ≥ µ j ≥ λ j+1 for j = 1, . . . , n. 
Proof of Theorem
We may relabel the vertices and assume that H is obtained from G by removing the edge join-
To get the desired conclusion, we show that for any µ ∈ (µ n , µ 1 ) such that D 2 ZD 2 − µI n−2 is invertible, (a) if L(H)−µI n has p positive eigenvalues then L(G)−µI n has at least p−1 positive eigenvalues; (b) if L(H)−µI n has q negative eigenvalues then L(G)−µI n has at least q−1 negative eigenvalues.
It will then follow that λ j−1 − µ j ≥ 0 and µ j − λ j+1 ≥ 0 for any j = 1, . . . , n. To prove (a) and (b),
Furthermore, set
Evidently, condition (a) fails if and only if B has two positive eigenvalues but B has none; condition (b) fails if and only if B has two negative eigenvalues but B has none. To show that these undesirable conditions cannot happen, observe that
By fact (1), we see that µ ∈ (µ 2 , µ 1 ) ⊆ (0, 2), and thus
say with unit eigenvectors v 1 and v 2 , respectively. Now, if B has two positive eigenvalues, then so hasD
1 has at least one positive eigenvalue, and so has B. If B has two negative eigenvalues, then so hasD 1 has at least one negative eigenvalue, and so has B.
